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Abstract: In this paper, the main aim is to demonstrate the boundedness for commutators 
of sharp maximal function in the context of the p-adic variable Lebesgue spaces and Morrey 
spaces. where the symbols of the commutators belong to the p-adic version of Lipschitz or 
BMO spaces. Moreover, the boundedness of commutators of fractional maximal operator 
in the p-adic Morrey space is also given, where the symbols of the commutators belong to 
the p-adic version of Lipschitz space, by which some new characterizations of Lipschitz and 
BMO spaces are obtained. 
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1 Introduction and main results 


For a prime number p. The p-adic field is consist of Q with respect to non-Archimedean p-adic 


a 


b? 
p, then the p-adic norm is defined by |x|, = p~7 and satisfies following properties. 


norm. Let x = p$, where x € Q and y € Z, a and b are integers which are not divisible by 


(i) |z|p > 0. Specially, ||, = 0 if and only if x = 0; 
(ii) |zylp = [zlplylp; 


(iii) |£ + ylp < max{|z|p, |ylp}. If |zlp F |y|p, then the equality holds. 


From the standard p-adic analysis, p-adic number x (x # 0) can be written as 
OO 
z= p (ao + arp + agp” +--+) =p ae Qj =0,---,p—1, ag #0. 
j=0 


Naturally, the aforementioned p-adic number x converges. 
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For any £ = (%1,%2,---+,%), where x; E Qp (i = 1,...,n), the p-adic norm is defined by 
|t|p = max1<j<n |2j|p. Moreover, the p-adic ball is denoted by B,(a) = {x € Q; : |x —alļp < p’}, 
where the center of p-adic ball a € Q% and radius p” with y € Z. The p-adic sphere is written 
as Sy(a) = {x E€ Q; : |x — alp = p™} = By (a) \ By-1(a). It is easy that By(a) = Upc, Se (a). 

In view of Q; is a locally compact commutative group under addition, there exists Haar 
measure on Q}, it is easy to know that unique Haar measure dx on Qp (up to positive constant 
multiple) satisfies translation invariant. Normalizing the measure dz by f Bo(o) 22 = |Bo(0)|, = 1, 
where |Bo(0)|;, is denoted by the Haar measure of p-adic unit ball. For a a E€ Q; and y € Z, 
by using the normalized Haar measure SBa) dx = |B,(a)|, = p” and Ss.¢a) dx = |S (a)|n = 
pI (1 -— p~”) = |B,(a)|n — |By-1(a@)|n. For more details about the p-adic analysis, see [17, 18]. 

The study of p-adic harmonic analysis holds significant research importance and occupies 
a pivotal position in the field of mathematics. It plays an indispensable role in enhancing our 
understanding and comprehension of various branches such as number theory, algebraic geome- 
try, and representation theory [10, 12, 16]. Additionally, p-adic harmonic analysis also exhibits 
broad prospects for practical applications, possessing potential value in areas like cryptography, 
signal processing, and data analysis [5, 15]. 

Let T be the classical singular integral operator. The Coifman-Rochberg-Weiss type com- 
mutator [b, T] generated by T and a suitable function b is defined by 


[b, T]f = bT(f) — T(bf). (1.1) 


In [4, 9], (1.1) is bounded on L*(R”) (1 < s < oo) if and only if b € BMO(R”). Janson [9] also 
established some characterizations of the Lipschitz function space Ag(R") via commutator (1.1) 
and proved that (1.1) is bounded from L*(IR”) to L4(R") for 1 < s < 3 and 1 i = 3 (0<8<1) 
if and only if b € Ag(R”) (see also Paluszyński [14]). 

Let 0<a <n, for f € Lhe (Q;), the p-adic fractional maximal function of f is defined by 


1 
Map(f)(x) = su ree dy, 
o(AM2) = mp r ho tO y 


where the supremum is taken over all p-adic balls B,(x) C Q. For a = 0, we write Mp=Mo,p. 
be Ll, (Qp), the fractional maximal commutator produced by b with Map is provided by 


M? (f(x) = sup =—— > |o(x) — b(y)|| f (y)|dy. (1.2) 
|By(x)|n JB, (a) 


yEZ 


For a = 0, we write M; b — = Mè p: And the commutator produced by b with Ma,» is defined by 


[b, Map] (f)(#) = b(@)Ma.p(f) (©) — Map (bf) (2). (1.3) 


For a = 0, we write [b, Mp] = [b, Mo pl- 


Kim [11] introduced the p-adic sharp maximal function. 


M4(f)(a2) = sup ——— I o O- farolt 


yEZ |By(x)|n 


where fz, (x) is the average of f over B,(x). And the nonlinear commutators produced by b with 
Mi is defined by 


[b, MICE) (E) = blz) ME (fF) (x) — Mp (bf) (2). (1.4) 


It is worth noting that operators (1.2) and (1.3) essentially differ from each other. Indeed, 
(1.2) is positive and sublinear, but (1.3) is neither positive nor sublinear. So does (1.4). 

In the Euclidean setting, there are many people studied the operators (1.2)-(1.4), see [1, 22- 
28] for instance, we can study some results on p-adic fields by borrowing similar methods. 

Recently, when b belongs to Lipschitz spaces, the authors [20, 21] gave the necessary and 
sufficient conditions for the boundedness of the commutator (1.2)-(1.4) in the variable Lebesgue 
space and Morrey space. When b belongs to BMO spaces, the similar result can be obtained in 
[19]. 

Inspired by the above literature [19-21], we focus on studying the boundedness for com- 
mutators of sharp maximal function in the p-adic variable Lebesgue spaces and Morrey spaces. 
Moreover, the boundedness of commutators of fractional maximal operator in the p-adic Mor- 
rey space is also given, by which some new characterizations of Lipschitz and BMO spaces are 
obtained. 


In order to introduce the following theorem, the b~ is defined by 


oe 0, if b(x) > 0, 
|b(a)|, if b(@) < 0, 


and b* (x) = |b(x)|— b7 (x). Then the following result give boundedness for commutator of sharp 
maximal function on p-adic variable Lebesgue space. Moreover, new characterizations of BMO 


spaces are obtained. 


Theorem 1.1 Assume that b € L} (Q72), then the following statements are equivalent. 
(1) b € BMO(Q%) and b7 € L®(Q%); 

(2) [b, Mj] is bounded on Z490 (Q7); for all q(-) € $'°8(Q") with q(-) € P(Q?), 

(3) [b, MË is bounded on LW (QR); for some q(-) € '°8 (QP) with q(-) € P (QF), 

(4) There exists some q(-) € EE (Qe) with q(-) € P (Q3), 


2 


I|(b — zE y Mb (bx, e)la) < (1.5) 
sup * | 
a] [eei 


(5) For all q(-) € G'°8(Qr) with q(-) € A(Q)), such that (1.5) holds. 
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Remark 1 If q(-) be a constant exponent, this result can be obtained in Theorem 1.4 of [7]. 


The following result give boundedness for commutator of sharp maximal function on p-adic 


Morrey space. Moreover, new characterizations of Lipschitz spaces are obtained. 


loc 


Theorem 1.2 Assume that b € L} (Q),0 < B < 1, then the following statements are 
equivalent. 

(1) be Ag(Q>) and b > 0; 

(2) fb, MŽ is bounded from LA (QR) to LA (Q7); for all r,q with 1 < r < n/G and 1/q = 
1/r — 8/(n— àA) 

(3) fb, Mj) is bounded from LA (Q3) to LDA (Q?); for some r,q with 1 < r < n/ß and 
1/q=1/r—B/(n— A) 

(4) There exists some r,q with 1 < r < n/8 and 1/q = 1/r — 8/(n — A), such that 


2 


I@-— ey Mo (bxB, (2)) lrag) 


sup 


toz |By(x) 


Z 
m X JA n 
By x [XB (2) ll 20. @x) 


(5) For all r,q with 1 < r < n/8 and 1/q = 1/r — 6/(n — A), such that (1.6) holds 


Remark 2 In the Euclidean setting, we can see Theorem 1.3 of [6]. 


The following result give boundedness for commutator of sharp maximal function on p-adic 


Morrey space. Moreover, new characterizations of BMO spaces are obtained. 


Theorem 1.3 Assume that b € L} (Q72), then the following statements are equivalent. 
(1) b € BMO(Q%) and b= € L®(Q%); 

(2) [b, MË] is bounded on LA (Q?}), for all q with 1 < q < œ 

(3) [b, MË] is bounded on L1(Q"), for some q with 1 < q < co 

(4) There exists some q with 1 < q < œ, such that 


2 


' 
wl zp- MP (6x8, (a) llre) (1.7) 
Gn XB, (2) lea. @n) 


(5) For all q with 1 < q < oo such that (1.7) holds 


Theorem 1.4 (Spanne type result) Assume that b be a locally integral function on 
Qi, andO<a<a+f8 <n. Let 1 <r < n/(a+p), 0< A<n—r(a+t p), for 1/q = 
1/r — (a+ B)/n, and A/r = K/q then b € Ag(Q>) if and only if Mè, is bounded from 
LQ") to L= (Q}). 


Remark 3 When a = 0, the above result can be found in Theorem 3 of [8]. 


Theorem 1.5 (Adams type result) Assume that b be a locally integral function on 
Qj, andO<a<atf<n Letl<r<n/(at+f), 0< A<n—r(a+ 8), for 1/4 = 
1/r—(a+ B)/(n — A) then b € Ag(Q®) if and only if M? „ is bounded from L”>(Q}) to L4*(Q"). 


Remark 4 For the case of a = 0, the above result can be obtained in Theorem 2 of [8]. 


Theorem 1.6 (Spanne type result) Assume that b be a locally integral function on 
Qj, andO<a<a+8 <n. Let 1 <r < n/(a+p), 0<A<n-—r(a+ p), for 1/q = 
1/r — (a + p)/n, and A/r = «s/q then b € Ag(Q;) and b > 0 if and only if [b, Ma,p| is bounded 
from LA (Q3) to LI (Qp). 


Remark 5 For the case of a = 0, the above result can be obtained in Theorem 7 of [8]. 


Theorem 1.7 (Adams type result) Assume that b be a locally integral function on 


p and0 <a<a+p <n. Let 1<r<n/(a+8p), 0<A< n-—rla+ p), for 1/4 = 


1/r — (a + 8)/(n — à) then b € Ap(Q;) and b > 0 if and only if [b, Map] is bounded from 
L"A(Q?) to L®(Q2). 


Remark 6 For the case of a = 0, the above result can be obtained in Theorem 6 of [8]. 


Throughout this paper, the letter C always takes place of a constant independent of the 
primary parameters involved and whose value may differ from line to line. In addition, we give 
some notations. Here and hereafter |E|;, will always denote the Haar measure of a measurable 


set E on Qp and by xg denotes the characteristic function of a measurable set E C Q}. 


2 Preliminaries 


2.1 p-adic function spaces 


Let 1 < q < co, a measurable function f is said to belong to the p-adic Lebesgue space 


L41(Q5) if 
La Qr = L Idx i < 0. 


P 


Moreover, for q = œ and denote L (Q%) as the set of all measurable real-valued functions 


f on Q% satisfying 


fll cea) = esssup |f (£)] = inf fà > 0: {z € Œ: |F@| >A}, = o} < 00. 
reQe 
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Here, if the limit exists, the integral in above equation is defined as follows: 


[ tte im If(a)\"dx = tim Y i. howe 


z y—> o0 By (0) y—> o0 


Given that a measurable function q(-) is a variable exponent if q(-) : Q; — (0.00). In [2], the 


following definition is introduced. 


Definition 2.1 Given a measurable function q(-) defined on Q}, we denote by 
q- := essinf q(x), q4 := ess sup q(x). 
xEQr reQr 
(1) qL = ess infregn q' (x) = EN q', = ess infreqn q(x) = rae 
(2) Denote by A(Q>) the set of all measurable function q(-) : Q 


p — (1,00) such that 


1<q- <2) <q} <œ, z EQ. 


Definition 2.2 (p-adic variable exponent Lebesgue spaces) Let q(-) € A(Q;). Define 


the p-adic variable exponent Lebesgue spaces LO (Qn) as follows 


f 


LO (Q2) = { f is measurable function : ¥,( — ) < co for some constant 7 > 0}, 
n 


where Falf) := Jon |f (x)|2(a)dx. The Lebesgue space LO (QR) is a Banach function space with 
P 


respect to the Luxemburg norm 


q(x) 
I Fll aco oq) = infin > 0: Fal f E , (== wai 


Definition 2.3 (log —Hélder continuity) Let measurable function q(-) € P (Qp). 
(1) Denote by GEQ!) the set of all q(-) which satisfies 


y(q- (B (x)) = q+(By(x))) <C 


for all y € Z and any x € Qp, where C denotes a universal constant. 
(2) The set 4128 (Qp) consists of all q(-) which satisfies 


C 
< z 
~ log, (p + min{|z|p, lylp}) 


la(x) — a(y)| 


for any x,y E€ Qp, where C denotes a universal constant. 
(3)(see [19]) Denote by G'S (Qe) = GY N Tan (q the set of all global log —Hélder 


continuous functions q(-). 


Kim[11] gave the following definition of the p-adic version of BMO space. 


loc 


Definition 2.4 Let f € Lj,,(Q)) be given. If IMEA lre) < œ, then we say that f 
is a function of bounded mean oscillation on Q%). We denote the space of such function by 
BMO(Q;;); that is to say, 


BMO(QS) = {f € Lioc(Qp) : MC) € L°(Qp)}. 
For f € BMO(Q>), we write 


1 
n) = Mi co n) = SU mar! = x£ d , 
l fllemog = [M5 (4) Ilz~(@2) oe BA aar fB œldy 
reQ, 


where fg (2) is the average of f over B,(z). 
The following result introduce the basic definition of p-adic Lipschitz spaces [3]. 
Definition 2.5 Let 0 < 6 < 1, the p-adic version of homogeneous Lipschitz spaces Ag(Q%) 
is defined by 
Ap (Qp) := {F € Liel) : Ilfllagcegy < co}; 


— e)=F0) 
XL) — JY 
flan = am: A= 

P (Œ) zyeQg, xy |e- yf 


Remark 7 (1) Assume that 1 < q < ov, the p-adic version of homogeneous Lipschitz spaces 
Liph (Qp) is defined by 


Lips(Q) = {f € Lie(Q) : Il fll ipa (ar) < oo}, 


where 


L 
1 1 i 
llcipe (ony = SUP -( | HO- fali): 
BSP 2 B F y 
a Boi Oo 


(2)(see Lemma 6 of [8])By virtue of Definition 2.5, for all 0 < 6 < 1 and 1 < q < 
œ, Ag(Qy) ~ Lip’, (Qp) with equivalent norms. 


It is well known that the classic Morrey space were given by Morrey in [13] to study the 


certain problem to second-order elliptic partial differential equations (PDE). 


Definition 2.6 (Classic Morrey space) The p-adic version of Morrey space is defined by 
LOA (Q7) as follows, for 1 < q < œ and0<A<n, if fer (Qp) with the finite norm 


loc 


aà 
Illaa = y |By(x)| || Fllza@) < %. 
vE 


rEeQr 


2.2 Auxiliary propositions and lemmas 


In this part we state some auxiliary propositions and lemmas which will be needed for proving 
our main theorems. And we only describe partial results we need. 


Firstly, the p-adic version of Hélder’s inequality can be obtained in [2]. 


Lemma 2.1 (Generalized Hölder’s inequality on Qz) Let Q; be an n-dimensional p- 


adic vector space. Suppose that qi(-), g2(-), r(-) E€ A(Q;) and r(-) satisfy 0 = HA er 
everywhere. Then there exists a positive constant C such that for all f € LEC (Qn) and g € 
LPO (Q?), the inequality holds. 


0 almost 


loan $ Cllfllznoexyllallzecoen)> 
The authors in [21] obtained the following Lemmas 2.2, 2.3. 


Lemma 2.2 Let0<8<1,0<a<a+ <n. Ifb © Ag(Q), then for any x € Qz, we 


have 


M? p < Cll0llas(o2)Ma+e.p(f)(2). 


Lemma 2.3 Let 0 < a < n. If b € Ap(Q;) and b > 0, then for any x € Q; such that 
Map(f)(x) < œ, we obtain 


Ilb, Mal (F)(2)| < Ma p(f)(2)- 
The following result derices from [8]. 


Lemma 2.4 Assume 0<a<n, 1<r<n/aand0<A<n-ra. 
(1) If 1/q = 1/r — a/(n — A), then Map is bounded from LA (Q3) to LIA (QZ). 
(2) If 1/4 = 1/r — a/n, A/r = k/q, then Ma,» is bounded from L™(Q?) to L®* (Q3). 


The following result can be founded in [21]. 


Lemma 2.5 Let q(-) € G'E (Qn) with q(-) E€ P (Qp), there exists a positive constant C, 
such that for any p-adic ball By(x) C Qù, the equality holds. 


1 
TB, (a) |p XAO leelo lroa <C 
He and Li [8] gave the norm of characteristic function 


Lemma 2.6 Let 1 < q < œ and 0 < À < n, then 


nÀ 
lxew llea) =p 


3 Proof of the principal results 


Proof of Theorem 1.1 Since the implications (2) => (3) and (5) ==> (4) follow readily, and 
(2) ==> (5) is similar to (3) => (4), we only need to prove (1) => (2), (3) => (4), (4) = (1). 
(1) = (2):for any p-adic ball B,(x) C Qp, using (3.2) of [20] and Mi(f)(x) < 2M,(f)(2), 


we obtain 


Ilb, Mp](F)(@)| < A07 (@)) Mp(F) (x) + Mp(b- f)(w)) + 2M} f (2). (3.1) 


Thus 


II[2, MIIA) < C(O [Iz qn) + llllemo IFI OQ): 


Note that b € BMO(Q?), then |b| € BMO(Q”). For q(-) € C8(Q7) with q(-) € P(Q), using 
(1), Minkowski’s inequality and boundedness of M, and mM on LIO (Q7) [2, 19] , we give 
that lb, MË ] is boundeded on LU )(QR). 

(3) == (4): for any p-adic ball B,(x) C Q, let ye Q, we have [7] 


2(p— 1) 


M} (xB,(z))(y) = 7 


Using (3) and (3.2) 


2 2 
P Pp 
|b — Ip- S ME (xB, (2) llr (on) S < 3-1) lb, Mp (xB, alzo < EllxB, (@yll cao @n)- 
Then 
b= M$(bx iiaa 
sig Il rin T) p( By (x) Ize ) (Q7 ) < C. 
aia XB SP (Q2) 


(4) = (1): For any p adic ball By(x) C Qh, let y E€ Qg, we have [7] 
p 
lbp, («)| = Np D72 OXB l). (3.3) 


E = {y € By(x) : bly) < bB a}, for any y € E, we have: b(y) < bB (a) S a= nEn Mi (Ox, a ))(y)- 
Then 
p? pi 
|[b(y) = bB œ| < [b(y) — Dp -1 POX.) YI: 
Using (4) and Lemmas 2.1, 2.5, we obtain 


1 2 p? 
|B, (z)|n I. IO) = bas eyldy < 1B, @n a PO) -30 M$(bXB,( »))(y)|dy 
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|b — 2(p— aay Mi lx, (0 hn (Q2) 


<C, (3.4) 


IlxB,( (x) llr) 
which implies b € BMO(Q}). 

Neat, we further proof b~ E€ L®(Q%), for any fixed p-adic ball B,(x) C Qh. Ify € By(x), by 
using (8.3) we obtain 


2 
g Deo) — b(y) > [bB (| — b7 (y) +07 (y). 


Thus 
1 p? 
EO Jao m Oe o0) -o 
y T 


1 — 
= B Joey POl O 


_ ee + B = 
z [bB (x)| |B. (x) |p UL." (y)dy ho’ vas) . 


Let y > —œ and y € B(x) we make use of (3.4) and Lebesgue differential theorem 
|b(y)| — b+ (y) +B (y) = 27 (y) < C. 
It deduce b- € L®(Q%). Therefore, we finish the proof of Theorem 1.1. 


Proof of Theorem 1.2 Since the implications (2) => (3) and (5) => (4) follow readily, and 
(2) ==> (5) is similar to (3) => (4), we only need to prove (1) => (2), (3) => (4), (4) = (1). 
(1) = (2). Suppose b € Ag(Q}), b > 0, for any x € Q}. It follows from (3.1) and Theorem 
2 of [8] that |b, M}] is bounded from LA (QR) to LA (QR). 
(3) = (4). for any fixed p-adic ball B(x) C Qg, using assertion (3), (3.2) and Lemma 2.6, 


2 2 
a p 
||b — Xp — 1) M$ (bxz, (2) Ilz0.a(@2) < Xp — 1) ye Mi (xB, lee. A(R) 
< GiB bealei 
Then 


1 b — o- nEn Mi (xB, (c llre) 


<C. 
|B; (x AF; IIxB,( x)llnar( (Qn) 


Da 


(4) = (1). For any p adic ball By(x) C Q}, let y E€ Qp, we have [7] 


2 
p 
lbp, («)| < Mp way Molbxe, (2)) (9): (3.5) 
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E = {y € B,(x) : b(y) < bp ay}, for any y € E, we have: b(y) < bp, (x) < z6- nEn Mi (bx, aU ).- 
Then 


lb(y) — bp. ()| < lbly) — Mi (bx, (2))(y)I- (3.6) 


p 
2(p — 1) 


By using Lemma 2.6 and the fact t = ; + É, 


1 
q 


2 1 p’ q 
< J Jaa PO- ap MOD edo) as) 


1 1 p 
— x lb(y) — aK] 
Ba) (r (x)|p bo 2(p — 1) 


# 
1 b — I- nMi (DXB (2 DIle) <C. (3.7) 


b 
IB (|7 IXB, z) llaa (Q2) 


Using Remark 7(2), it deduce b € Ag(Q;) 
Next, we need to prove b > 0, namely, b= = 0. On the one hand, note that (3.3) of [20], we 


have 


: _P yg B 
[By(@)In i IX =i) Mp (6xB,(2)) — b(y)ldy 
: wee r 
=a |B, (x zon. w tw) + [By œn ho (y)dy. (3.8) 


On the other hand, applying Holder’s inequality and (3.7) 


1 p l 
[B,(z)In how Izp pX (ay) = Ow)lay 


1 1/4 1 2 1/4 
A A E ft pemabie 
Fa T Bn Jao Bp Ay MOB) — HU) 


soe (3.9) 


Combining (3.8) and (3.9), we have 


1 1 
bp. (z | b” (y +o | b (y)dy < C|B,(x)|2/”. 3.10 
aida VT Eda VOUS CPO e 
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Let y + —œ with y E By(«), by virtue of p-adic version of Lebesgue differentiation theorem to 
(3.10), we obtain 


|b(y)| — b+ (y) +7 (y) = 27 (y) = 0, 
Thus, we finish the proof of Theorem 1.2. 


Remark 8 For the proof of Theorem 1.2, note that the estimation method is different from 
Theorem 2.1 in [29], which is briefly described as follows. 

(i) (1) = (2), the way can not only notice that b should be restricted to non-negative 
conditions, but also is relatively simple. 

(ii) (2) > (3), here, the norm estimate we deduce by boundedness is not the same as Theorem 
2.1 of [29]. 

(iii) (4) = (1), we avoid the use of Hélder’s inequality in combination with the existing 


results, which is more helpful to understand the proof. 


Proof of Theorem 1.3 Since the implications (2) => (3) and (5) ==> (4) follow readily, and 
(2) ==> (5) is similar to (3) => (4), we only need to prove (1) => (2), (3) = (4), (4) = (1). 

(1) = (2). Suppose b € BMO(Q>) and b= € L°(Qh); for any x E Qp. It follows from (3.1) 
and Theorem 1.5 of [7] that |b, M}] is bounded on L%*(Q?). 

(3) = (4). for any fired p-adic ball By(x) C QF, using assertion (3), (3.2), we obtain 

2 2 
|b — zg a Mixa, lence < æ p'È M$] (xB,@))llzea caz) < CllxB, œ) llea gg) 

Then 


2 
\|b — soy Mb Ox, (2) )Ilz0 en) 


<C. 
XB, (2) lza (Q) 


(4) = (1). By virtue of Lemma 2.6 and (3.6), we have 


PeR _ as 
a le Se =a) glx 0) 


1 1 p ; ; 3 
= UEN X |b(y) = Mo wp P xB, ())(Y)| dy 
\By(x)|,% \|By(a)|p 2 @) (p—1) 


2 
lb - say Mi Ox, (0))Ilz2@2) 


<C <C. 


IXB, (x) lra (Q) 


It follows from Theorem 1.4 of [7] that b € BMO(Q;) and b € L®(Q;). Thus we obtain 
Theorem 1.3. 
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Proof of Theorem 1.4 By using the similar way of the proof of Theorem 1.5, Theorem 1.4 


can be proven , hence, we obmit the proof. 


Proof of Theorem 1.5 On the one hand, by Lemmas 2.2,2.4, we can get the result, of course 
the proof can be found in Theorem 2.2 of [29]. 

On the other hand, if Mè, is bounded from LA (QR) to L9(Q?), for all fixed p-adic bal- 
l B,(x) C Qi and for any y € By(x), we have 


1 
1 ( 1 | a 
b(y) — bB, (2 ray) 
z | TB | (2) 
|By(x)|" | (2) |n B, (x) 


il 1 1 ` 1 
— — fb) - 1) xa ye en) i ) 
B (tm = (cor a ka y XB, (2) y 

1 q 
j MÈ p(xB,(2))(Y)I24 
7 |B, (a)|," |By(x)In Io ap(XBy(x))(Y)| v) 
= l (aon 1 q 


The last step is obtained by the fact ; = 1 — oth It follows from Remark 7(2) that b € Ag(Q;). 


n 


Remark 9 Note that < is different from Theorem 2.2 in [29], we avoid the use of Hélder’s 
inequality in combination with the existing results, which is more helpful to understand the 


proof. 


For a fixed p-adic ball B,, the fractional maximal function with respect to B, of locally 


integrable function f is given by 


1 
Mn Pas mp) <=. f po 
B (Sep, BrE) ” B) 


where the supremum is taken over all the p-adic ball By(x) with By (£) C By. 


The following result play role in the proof of Theorem 1.7, for some details, we can see [19]. 


Lemma 3.1 Let b bea locally integral function on Q, and 0 < 8 <1,0<a<a+tf < n, the 


following statements are equivalent. 
(i) b € Ag(Q;) and b > 0, 
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(ii) for all 1 < q < cw, such that 
1 
q 


1 1 a 
Sup (z L (2) lb(y) E |By(x)|p, ” Masone Oas < œ, (3.11) 
; (z 


(iii) for some s with 1 < s < co such that (3.11) holds. 


Proof of Theorem 1.6 By using the similar way of the proof of Theorem 1.7, Theorem 1.6 
can be proven , hence, we obmit the proof. 


Proof of Theorem 1.7 Since b € Ag(Qp), b > 0, for any x € Qp, using Lemma 2.3, we obtain 
[b, Map] is bounded from LA (QR) to LOA (QL), the proof can also be found in Theorem 2.2 of 
[29]. 

Neat, note that |b, Map] : LA (Q7) => LOA (QR), for any fixed p-adic ball B (x) C Qh and 
for all y € B (x), the following estimate is obtained in [19] 


Mop(XB,(2))(¥) = |By(@)Ih > Mop(xB,(x))(¥) = Ma,B, (2), pb) (Y). 


q 


(T Lo tO- ER Manesa) 
h We 


|B, (2)| 
i 
: : | iison a 
= z y a p\ XB, (x)) Y) — Ma,p\9®X B, (x 
|B,(a)|,” B®) JB a) D a 
B g ' 
1 y 1 
- SU sf Ib Ma](n, ce) lay 
|B,(x)|,” wake Bala \ly 2) 
ath, AT 
< [Byl "xew lrag SC: 


The last step is obtained by the fact ; = l — atg, Using lemma 3.1, we get b € Ag(Q;), b > 0. 


Remark 10 Note that the estimation method is different from Theorem 2.3 in [29], where 
we avoid the use of Hölder’s inequality in combination with the existing results, which is more 
helpful to understand the proof. 
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